We present a study of the isospin-violating one-pion strong decays of single heavy tetraquarks X Q = X(sqqQ), Q = c, b, and q = u, d with spin-parity J P = 0 + . We assume that the tetraquarks have the configuration of a color diquark and an antidiquark. Three mechanisms of isospin violation can contribute to the decay rate: (1) mixing of the X(suūQ) and X(sddQ) tetraquark currents, (2) an explicit m d − m u quark mass difference in the quark diagrams describing the corresponding decay transitions, and (3) π 0 − η mixing in the final state. Our main results are as follows: (1) It is quite likely that the investigated tetraquark states are isosinglet states with a small admixture of an isotriplet component; (2) The first isospin-breaking mechanism affects the decay rather more significantly than the others; (3) Our calculations contain a size parameter Λ X Q , characterizing the distribution of the quarks in the tetraquark state X Q . Absolute decay rates depend very much on the choice of Λ X Q , varied from 1 to 2 GeV, reflecting the compactness of the multiquark system.
I. INTRODUCTION
The past years have been marked by extensive experimental and theoretical studies of the X, Y , and Z states or of heavy mesons containing at least one heavy c or b quark.
Many of these reported resonances cannot easily be explained as quark-antiquark configurations; alternative structure interpretations involve, for example, hadron molecules or compact tetraquark states among others.
In the present study we focus on the scalar resonance D * s0 (2317) and its possible partner state B * s0 . We use a tetraquark picture to analyze the isospin-violating one-pion strong decays of the D * s0 (2317) and its bottom companion B * s0 . Assuming tetraquark configurations these states contain a single heavy quark (c or b), a strange quark and a pair of nonstrange quarks.
The D * s0 (2317) and B * s0 states have been studied before in detail using different theoretical approaches, including the hadronic molecular approach (see overview and references in [1] - [4] ), where these states are considered to be bound states of the D and K, B and K, respectively. In most of the approaches, the D * s0 (2317) and B * s0 states have been considered to be isosinglet states, which is consistent with recent results by the Belle Collaboration [5] .
The Belle Collaboration reported that possible isotriplet partners of the D * s0 (2317) have not been found. In Ref. [1] it was proposed that in the framework of the hadronic molecular picture there are two mechanisms for the pion emission in the reaction D * s0 → D s + π 0 :
(1) a direct mechanism due to the emission from the (DK) loop; (2) the η − π 0 mixing transition. It was shown that the direct transition dominates over the η−π 0 mixing transition in the D * s0 → D s π 0 decay. In Ref. [3] the formalism proposed in Ref. [1] has been extended to the case of the B * s0 (bound state of B and K mesons) -bottom partner of the D * s0 state. In calculations performed in Refs. [1, 3] the distribution of hadronic constituents in D * s0 and B * s0 was described by a scale parameter Λ, which was found to be of order of 1 GeV. In particular, in Refs. [1] - [3] it was calculated that Γ(D * s0 → D s + π 0 ) = 46.7 − 111.9 keV and Γ(B * s0 → B s + π 0 ) = 55.2 − 89.9 keV when the scale parameter describing the distribution of constituents in the hadronic molecule was varied from 1 to 2 GeV.
In the present manuscript we return to the problem of the isospin-violating decays D * s0 → D s π 0 and B * s0 → B s π 0 . A new feature in our study is that we apply the covariant confined multiquark approach proposed and developed in Refs. [6] . This method is an extension of the covariant relativistic quark model [7] devised for a unified description of bound state structures of hadrons and exotic states. As in the hadronic molecular approach one has a free scale parameter Λ, which is fixed from the description of the decay rates Γ(D *
and Γ(B * s0 → B s + π 0 ). We find that our Λ ∼ 1 GeV is compatible with the scale parameter found in the framework of the hadonic molecular picture [1] - [3] .
II. FORMALISM
Our starting point is that D * s0 and B * s0 states are bound states of four quarks having the configuration of a color diquark and an antidiquark. In our phenomenological Lagrangian formalism such a configuration is encoded in the tetraquark interpolating currents discussed in detail in the literature (see e.g. recent review [8] ) and, in particular, in the context of the covariant tetraquark confinement model [6] .
For our specific cases of the D * + s0 = (cq)(qs) and the B * 0 s0 = (sq)(qb) tetraquark states we construct the currents in the form of the mixed isosinglet J S and isotriplet J T (third component) currents
The singlet-octet mixing angle δ parametrizes the isospin violation in the structure of the D * s0 or B * s0 states. We keep δ as a free parameter. The isosinglet J S and isotriplet J T currents are defined as
The color structure of a generic tetraquark current J(q 1 q 2q3q4 ) has the configuration of a color diquark-antidiquark with
where
The indices a, b, c, d, e refer to color, C = γ 0 γ 2 is the charge conjugation matrix, and Γ 1 and Γ 2 are the Dirac spin matrices resulting in zero total angular momentum and positive P parity for the interpolating tetraquark current. In particular, the following combinations of the (Γ 1 , Γ 2 ) matrices (without involving derivatives) are possible:
When we take the heavy quark limit for the b constituent, which is equivalent to the nonrelativistic limit, the S current vanishes, the P and A currents are degenerate resulting in the spin structure σ 2 ⊗ σ 2 , and the V and T currents are also degenerate producing the spin
In this paper, for simplicity, we work with the simplest P current.
From our experience based on analysis of single heavy baryons (see Ref. [9] ) the observables are not so sensitive to a choice of the interpolating current. Therefore, we do not expect that the use of V (T ) or mixing of two possible currents P (A) and V (T ) for scalar tetraquarks
with an extra free parameter should drastically change the description of physical properties of these exotic states. However, such an analysis could be done in our future study. After having specified the color, spin and flavor structure of our tetraquark currents we are in the position to implement the coordinate (or space-time) part and construct phenomenological
Lagrangians describing the interaction of the tetraquark states H = D * + s0 , B * 0 s0 with their constituents. We proceed in complete analogy to the original work on the X(3872) treated as a tetraquark state (see details in Refs. [6] ). The interaction Lagrangian of the tetraquark states H = D * s0 , B * s0 with their constituents is constructed as
J H (x) is the nonlocal confined tetraquark current including the appropriate spin, flavor and color structure discussed before. For example, a generic current J H for H ≡ X(sqqQ)
corresponding to the coupling of the color diquark
where Φ is the correlation function of the X(sqqQ) state providing for the ultraviolet finiteness of all matrix elements.
The coupling constant g H is determined through the compositeness condition The explicit expression for the derivative of the mass operator Π ′ (p 2 ) corresponding to 
where 4N c = 12 is the appropriate color factor and the structure integral F (m Q , m s , m q ) is given by 
The free constituent quark propagators 1/(m q − k) are denoted by S
with the specific momentum dependence
is the fractional quark mass. The distribution of the constituent quarks in the bound state is modeled by the correlation function Φ(−K 2 ) = exp(K 2 /Λ 2 ) with the momentum dependence
where Λ is a free parameter.
We are now in the position to discuss the calculation of the isospin-violating one-pion strong decay of the tetraquark states summarized by the Feynman diagram of Fig. 2 . As partially emphasized in the Introduction and at the beginning of this section there are several mechanisms that contribute to the amplitude of this isospin-violating decay process.
The first mechanism (I) refers to the isospin violation in the structure of the D * s0 and B * s0
states. It is already parametrized by the singlet-octet mixing angle present in the tetraquark currents of Eq. (1). The second mechanism (II) includes isospin breaking corrections based on the u and d quark mass difference. We work with the u and d quark masses, 
To implement the third mechanism (III) we take into account the π 0 − η mixing in the interaction Lagrangians of these mesons with their constituent quarks. As shown in Ref. [10] the π 0 and η meson fields are modified by a unitary transformation given by
where ε is the π 0 − η mixing angle fixed by [10] :
and where M q are the current quark masses. For the above estimate of tan 2ε we use the central values for the current quark masses from the PDG [4] :
As a result of the unitary transformation (15) the neutral pion couples to both isosinglet uu +dd and isotripletūu −dd currents
Combining all three isospin breaking contributions we obtain the following expression for the amplitude of strong D * ± s0 → D 
The quantity Bis the amplitude of the one-pion strong isospin-violating decay of the tetraquark with two specific light nonstrange quarks uū or dd,
The last equation corresponds to the amplitude of the transition X(sqqQ) → M(sQ)+M (qq) and is defined as the product of a color factor N c ! = 6, constants describing the respective couplings of the tetraquark X(sqqQ), meson M(sQ), and pion g π with the constituent quarks and the mass-dependent structure integral G(m Q , m s , m q ). The latter is given by
) are the correlation functions of the mesons M(sQ) and M(qq), respectively.
The strong decay width of the scalar tetraquark state H into two pseudoscalar mesons M 1 and M 2 is evaluated according to the expression Finally, we remind reader that three scenarios are specified by the following choice of isospinbreaking parameters [see definitions in Eqs. (1), (14), (15), and (16)] and strong amplitude of one-pion transition B:
Scenario II sin δ ≡ 0 , ∆ = 2.5 MeV , sin ε ≡ 0 ,
Scenario III
Full result including all mechanisms of isospin breaking I+II+III sin δ = sin ε = 0.012 , ∆ = 2.5 MeV ,
One can see that in the numerical analysis we use approximation sin δ ≃ sin ε = 0.012.
III. RESULTS
Our numerical results for the isospin-violating decay rates of the scalar single-heavy tetraquarks are shown in Tables I -IV . We present our results for different scenarios; i.e.,
we first restrict ourselves to a specific isospin breaking mechanism I, II, or III and then calculate the full result, including all mechanisms I+II+III. From the results it is obvious that the mixing of the isosinglet and isotriplet tetraquark currents has the largest effect on the decay rate rather than the pure d − u quark mass difference or the π 0 − η mixing.
We furthermore vary the scale parameter Λ within a reasonable range of values from 1 to 2 GeV. This follows estimates done for the scale parameter Λ X b ∼ 1.4 − 2 GeV of the hypothesized single-heavy tetraquark X(5568) as performed in Ref. [11] . A larger value of Λ would correspond to a compact tetraquark configuration, and a Λ close to 1 GeV is also reflected in configurations with a larger extent like hadronic molecules. In the case of the B * 0 s0 state its mass is varied from 5.725 to 6.3 GeV, and for the D * + s0 the mass is fixed at 2.317 GeV. With Λ ≈ 1 GeV the one-pion decay rates of the isosinglet tetraquark states with a small admixture of the isotriplet tetraquark component are actually compatible with results in the hadonic molecular picture [1] - [3] giving predictions for the isospin-breaking decay rate of the order of 100 keV. In particular, in Refs. [1] - [3] 
The present calculation gives predictions for the one-pion decay rates of about 3 − 5 keV when the configuration is chosen to be more compact. Absolute rates clearly depend on the size of the tetraquark configuration, because of the lack of data especially for the D * s0 (2317) the two scenarios, a rather compact or an extended configuration, cannot be distinguished.
IV. SUMMARY AND CONCLUSIONS
Let us summarize the main results of our paper. We have considered the isospin-violating decays of the isosinglet states with a small admixture of the isotriplet component. We found that for values of the scale parameter of the order of 1 GeV the one-pion decay rates of these tetraquark states are compatible with results found within the hadronic molecular approach. On the other hand, an increase in the scale parameter up to 2 GeV leads to a sizable decrease of the decay rates. Therefore, forthcoming data on the absolute rates of the isospin-violating decays could shed light on the nature of these states: either compact tetraquark states with a scale parameter of the order of 2 GeV or more extended objects, which could be viewed as hadronic molecules. 
